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Abstract This paper derives expressions for the growth rates for the random 2 × 2 matrices
that result from solutions to the random Hill’s equation. The parameters that appear in Hill’s
equation include the forcing strength qk and oscillation frequency λk . The development of
the solutions to this periodic differential equation can be described by a discrete map, where
the matrix elements are given by the principal solutions for each cycle. Variations in the
(qk, λk) lead to matrix elements that vary from cycle to cycle. This paper presents an analysis
of the growth rates including cases where all of the cycles are highly unstable, where some
cycles are near the stability border, and where the map would be stable in the absence of
fluctuations. For all of these regimes, we provide expressions for the growth rates of the
matrices that describe the solutions.

Keywords Hill’s equation · Random matrices · Lyapunov exponents

1 Introduction

This paper considers the growth rates for Hill’s equation with parameters that vary from
cycle to cycle. In this context, Hill’s equation takes the form

d2y

dt2
+ [λk + qkQ̂(t)]y = 0, (1)

where the barrier shape function Q̂(t) is periodic, so that Q̂(t + �τ) = Q̂(t), where �τ is
the period. Here we take �τ = π , and the function Q̂ is normalized so that

∫ �τ

0 Q̂dt = 1.
The forcing strength parameters qk are a set of independent identically distributed (i.i.d.)
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random variables that take on a new value every cycle (where the index k labels the cycle).
The parameters λk , which determine the oscillation frequency in the absence of forcing, also
vary from cycle to cycle (and are i.i.d.). In principal, the cycle interval �τ could also vary;
however, this generalized case can be reduced to the problem of (1) through an appropriate
re-scaling of the other parameters (see Theorem 1 of [1]).

Hill’s equations [9] with constant values of the parameters have been well studied and
arise in a wide variety of applications [12]. The introduction of parameters that sample a
distribution of values is thus a natural generalization of this classic problem. Here we refer
to the case with constant parameters as the “classical regime” of the general case.

For this class of periodic differential equations, the transformation that maps the coeffi-
cients of the principal solutions from one cycle to the next takes the form

Mk =
[

hk (h2
k − 1)/gk

gk hk

]

, (2)

where the subscript denotes the cycle. The matrix elements are defined by hk = y1(π) and
gk = ẏ1(π) for the kth cycle, where y1 and y2 are the principal solutions for that cycle. Note
that the matrix has only two independent elements rather than four: Since the Wronskian
of the original differential equation (1) is unity, the determinant of the matrix map must be
unity, and this constraint eliminates one of the independent elements. In addition, this paper
specializes to the case where the periodic functions Q̂(t) are symmetric about the midpoint
of the period, so that y1(π) = ẏ2(π), which eliminates a second independent element [12];
this symmetry applies to the applications that motivated this work.

For transformation matrices Mk of the form (2), the eigenvalues λk can be used to clas-
sify the matrix types [11]. The characteristic polynomial has the form

λ2
k − 2hkλk + 1 = 0. (3)

This equation allows for three classes of eigenvalues λk : For |hk| > 1, the eigenvalues are
real and have the same sign, and the transformation matrix is hyperbolic symplectic; we
denote this regime as classically unstable. When |hk| < 1, the eigenvalues are complex and
the matrix is elliptic; this regime is denoted as classically stable. The remaining possibility is
for |hk| = 1, which leads to degenerate eigenvalues equal to either +1 or −1; these matrices
are parabolic and are stable under multiplication.

This paper studies the multiplication of infinite strings of random matrices of the form
(2), i.e., the product of N such matrices in the limit N → ∞. The problem of finding
growth rates for infinite products of matrices with random elements was formulated over
four decades ago [7, 8, 13], where existence results were given. We recall the key result here
for convenience:
For a k × k matrix A with real or complex entries, let ‖A‖ denote the Frobenius norm.

Theorem [8] Let X1,X2,X3, . . . form a metrically transitive stationary stochastic process
with values in the set of k × k matrices. Suppose log+ ‖X1‖ exists, where log+t =
max(log t,0), then the limit limN→∞ ‖XNXN−1 · · ·X1‖ exists.

Determination of the growth rates are thus carried out in the limit of large N , and all
probabilistic limits given here are meant almost surely.

A great deal of subsequent work has studied differential equations of the form (1) and the
growth rates of the corresponding random matrices [5, 6, 10, 14, 15]. See also the paper [4].
In spite of this progress, there are relatively few examples that provide explicit expressions
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for the growth rates. The goal of this paper is relatively modest: It provides (what we believe
to be) new analytic expressions for the growth rates of random matrices of the form (2).
These expressions are derived for various regimes of parameter space, as described below.

The outline of this paper is as follows: Sect. 2 reviews the astrophysical background that
led us to this topic. Section 3 considers matrix multiplication for the case where the solu-
tions are unstable in the classical regime. Section 4 develops approximations for this regime
and provides some numerical verification. Section 5 considers matrix multiplication in the
regime where the solutions are classically stable. In this case, the transformation matrices
Mk correspond to elliptical rotations and matrix multiplication is stable in the absence of
fluctuations; random variations in the matrix elements render the solutions unstable. The
paper concludes (in Sect. 6) with a brief summary of the results.

2 Astrophysical Background

The motivation for considering random Hill’s equations arose in studies of orbit problems
in astrophysics [3]. When an orbit starts in the principal plane of a triaxial, extended mass
distribution (such as a dark matter halo), the motion is unstable to perturbations in the per-
pendicular direction. The development of the instability is described by a random Hill’s
equation with the form given by (1).

To illustrate this type of behavior, consider an extended mass distribution with a density
profile of the form

ρ = ρ0

m
with m2 = x2

a2
+ y2

b2
+ z2

c2
, (4)

where ρ0 is a density scale. This form arises in many different astrophysical contexts, in-
cluding dark matter halos, galactic bulges, and young embedded star clusters. The density
field is thus constant on ellipsoids, where, without loss of generality, a > b > c > 0. For this
density profile, one can find analytic forms for both the gravitational potential and the force
terms [3]. From these results, one can determine the orbital motion for a test particle moving
in the potential resulting from the triaxial density distribution of (4). When the orbit begins
in any of the three principal planes, the motion is generally unstable to perturbations in the
perpendicular direction [1, 3]. For example, for an orbit initially confined to the x–z plane,
the amplitude of the y coordinate will (usually) grow exponentially with time. In the limit
of small |y| � 1, the equation of motion for the perpendicular coordinate simplifies to the
form

d2y

dt2
+ ω2

yy = 0 where ω2
y = 4/b√

c2x2 + a2z2 + b
√

x2 + z2
. (5)

The time evolution of the coordinates (x, z) is determined by the orbit in the original x–z

plane. Since the orbital motion is nearly periodic, the [x(t), z(t)] dependence of ω2
y rep-

resents a nearly periodic forcing term. The forcing strengths, and hence the parameters qk

appearing in Hill’s equation (1), are determined by the inner turning points of the orbit
(with appropriate weighting from the axis parameters [a, b, c]). Since the orbits are usually
chaotic, the distance of closest approach, and hence the strength qk of the forcing, varies
from cycle to cycle. The outer turning points of the orbit provide a minimum value of ω2

y ,
which defines the unforced oscillation frequency λk appearing in Hill’s equation. As a result,
the quantity ω2

y can be written in the form

ω2
y = λk + Qk(t), (6)
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where the index k counts the number of orbit crossings. The shapes of the functions Qk are
nearly the same, so that one can write Qk = qkQ̂(t), where Q̂(t) is periodic. The chaotic
orbit in the original plane leads to different values of λk and qk for each crossing. The
equation of motion (5) for the y coordinate thus takes the form of Hill’s equation (1), where
the period, forcing strength, and oscillation frequency vary from cycle to cycle.

3 Matrix Multiplication for the Classically Unstable Regime

The goal of this work is to find growth rates for solutions of the differential equation (1).
These growth rates are determined by multiplication of the random matrices Mk (from (2))
that connect solutions from cycle to cycle. These transformation matrices can also be written
in the form

Mk = hk Bk where Bk =
[

1 xkφk

1/xk 1

]

, (7)

where xk = hk/gk and φk = 1 − 1/h2
k . By virtue of our assumption on the variables (qk , λk),

the matrices Mk form a sequence of i.i.d. matrices. In this section, we consider the problem
of matrix multiplication with matrices of the form (7). We specialize to the case where the
solutions are unstable in the classical regime so that |hk| ≥ 1 and to the case where xk > 0.
We also assume that the hk , xk , and 1/xk have finite means. With the matrices written in the
form (7), the highly unstable regime considered in [1] can be defined as follows:

Definition Given that solutions to Hill’s equation (1) are determined by transformation ma-
trices of the form (7), the highly unstable regime is defined by setting φk = 1. This specifi-
cation thus defines a restricted problem.

We remark that the above regime applies when the matrix elements |hk| � 1, which
occurs for forcing strength parameters qk � 1 [2].

The growth rates for Hill’s equation (1) are determined by the growth rates for matrix
multiplication of the full set of matrices Mk . For a given matrix product, denoted here as
M(N), the growth rate γ is determined by

γ = lim
N→∞

1

N
log‖M(N)‖, (8)

where the result is independent of the choice of norm ‖ · ‖. We note that the growth rate is
called the top or largest Lyapunov exponent.

Equation (7) separates the growth rate for this problem into two parts. Let the expectation
value of a sequence Xk be denoted by

〈Xk〉 = lim
N→∞

1

N

N∑

k=1

Xk.

Then the first part γh of the growth rate is given by

γh = lim
N→∞

1

N

N∑

k=1

log |hk| = 〈log |hk|〉. (9)
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We limit our discussion to distributions of the hk for which this limit is finite. The remaining
part of the growth rate is determined by matrix multiplication of the Bk . Note that the original
differential equation (1) is defined on a time interval 0 ≤ t ≤ π , so that the definition of its
growth rate includes a factor of π [12], whereas the growth rate for matrix multiplication
(8) generally does not [8]. Ignoring these normalization issues, this paper focuses on the
calculation of the growth rates for the matrices Mk and Bk .

The product of N matrices of type Bk can be written in the form

B(N) ≡
N∏

k=1

Bk =
[


11 x1
12

(1/x1)
21 
22

]

, (10)

where the first equality defines notation and where


11 =
2N−1
∑

j=1

rjaj , 
12 =
2N−1
∑

j=1

rjbj ,


21 =
2N−1
∑

j=1

1

rj

cj , 
22 =
2N−1
∑

j=1

1

rj

dj . (11)

Here, the variables rj are products of ratios of the form

rj = xμ1xμ2 . . . xμn

xν1xν2 . . . xνn

. (12)

The indices are confined to the range 1 ≤ μi, νi ≤ N . The additional factors aj , bj , cj , dj

are products of the variables φj , and can be written in the form

aj =
N∏

k=1

φ
pk

k where pk = 0 or 1. (13)

Result 1 For the case where |hk| > 1 for all cycles, and in the limit of large N , the eigen-
value of the product matrix is given by the formula

λ = 
11 + 
22 + O
(
h−2N

)
, (14)

where each of these quantities should be labeled at the N th iteration.

Proof The characteristic equation of the product matrix of (10) takes the form

λ2 − λ(
11 + 
22) + 
11
22 − 
12
21 = 0. (15)

The final term is the determinant of the product matrix, and this determinant is given by the
product of the individual matrices, so that


11
22 − 
12
21 =
N∏

k=1

(1 − φk) =
N∏

k=1

1

h2
k

. (16)

Given that |hk| > 1 ∀k, this term vanishes in the limit N → ∞. As a result, the growing
eigenvalue of the characteristic equation (15) simplifies to the form λ = 
11 + 
22. �



144 F.C. Adams, A.M. Bloch

Result 2 The four sums that specify the matrix elements of the product matrix are not
independent. In particular, for the case where |hk| > 1 and in the limit N → ∞, the ratios
of the matrix elements approach the form


12


11
= 
22


21
= constant ≡ f. (17)

Proof As shown above, the determinant of the product matrix vanishes in the limit N → ∞,
so that in the limit


11
22 = 
12
21. (18)

The result implied by the first equality of (17) follows immediately.
Further, one can show by direct construction that if the relation of (17) holds, then the

relation is preserved under matrix multiplication. Let the product matrix after N cycles have
the form

B(N) =
[


T f x1
T

(1/x1)
B f 
B

]

, (19)

where f is the constant in (17). Then the matrix takes the following from after the next
cycle:

B(N+1) =
[


T + (x/x1)φ
B x1f (
T + (x/x1)φ
B)

(1/x1)(
B + (x1/x)
T ) f (
B + (x1/x)
T )

]

, (20)

so that the left-right symmetry relation is conserved. �

In the above proof we have adopted notation that is used throughout this paper: The
subscript ‘1’ denotes the values of the parameters (e.g., x1) for the first cycle in the series.
Since the results of this problem can be written in terms of this starting value, these ini-
tial values play a recurring role. The subscript ‘N ’ denotes the values of the parameters
(e.g., xN ) appropriate for the N th cycle of the series. In iteration formulae, however, we use
unsubscripted variables (e.g., x) for the next (N + 1)st cycle.

Result 3 In the highly unstable regime, the ratio of 
T to 
B has the form:


T


B

= x

x1
. (21)

Proof From our previous results (see (19) of [1]), the product matrix after N cycles has
the form given by (19) with f = 1 (in the highly unstable regime). After one additional
multiplication, we obtain the form given by (20) with f = 1. We thus find


T
(N+1)


B
(N+1)

= 
T
(N) + (x/x1)
B

(N)


B
(N) + (x1/x)
T

(N)
= x

x1
. (22)

For each cycle the ratio x/x1 has a different value, so that no limit is reached as N → ∞.
However, the ratio at any given finite cycle obeys (21). �

To derive an expression for the growth rate for matrix multiplication, we first define

S ≡ 
11 + 
22. (23)
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As shown in the proof of Result 1, the eigenvalue of the product matrix approaches S, as
defined above, in the limit N → ∞. By construction, the iteration formula for S takes the
form

S(N+1) = S(N)

[

1 + (x/x1)φ
21
(N) + (x1/x)
12

(N)


11
(N) + 
22

(N)

]

. (24)

Using the definition of f , 
T , and 
B , this expression can be simplified to the form

S(N+1) = S(N)

[

1 + (x/x1)φ
B
(N) + (x1/x)f 
T

(N)


T
(N) + f 
B

(N)

]

. (25)

Result 4 In the highly unstable regime the iteration formula for the eigenvalue reduces to
the form

S(N+1) = S(N)
[
1 + xN

x

]
. (26)

This result agrees with that of Theorem 2 from [1].

Proof In the highly unstable regime φ = 1, f = 1, and (21) holds for the ratio of 
T /
B .
The iteration formula of (25) thus reduces to

S(N+1) = S(N)

[

1 + (x/x1) + (xN/x)

1 + xN/x1

]

= S(N)
[
1 + xN

x

][ x1 + x

x1 + xN

]

. (27)

Since the starting value x1 is fixed, the second factor in square brackets approaches unity in
the limit N → ∞, i.e.,

lim
N→∞

N∏

k=1

[
x1 + xk+1

x1 + xk

]

= 1. (28)

The expression of (27) thus reduces to that of (26). �

Motivated by the result of (21) for the highly unstable regime, we write the ratio of matrix
elements for the general case in the form


T
(N)


B
(N)

= xN

x1
αN, (29)

so that

S(N+1) = S(N)

[

1 + (x/x1)φ + (xN/x)f αN

f + αN(xN/x1)

]

≡ FNS(N), (30)

where the second equality defines FN . The parameter αN incorporates the correction due
to the matrices not being in the highly unstable regime. Note that f approaches a constant
value (from Result 2) and x1 is a constant (by definition). The iteration factor FN can be
rewritten in the form

FN =
[

1 + x2φ + bαNxN

x(b + αNxN)

]

where b ≡ f x1. (31)
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Theorem 1 The growth rate for matrix multiplication, with products of the general form
defined through (10), is given by

γ = lim
N→∞

1

N

N∑

k=1

log

[

1 + x2
k φk + αk−1xk−1

xk(1 + αk−1xk−1)

]

, (32)

where the αk are determined through the iteration formula

αk = xkφk + xk−1αk−1

xk + xk−1αk−1
. (33)

Proof Note that existence of the required limit holds by the Theorem of [8]. Equations (30)–
(31) show that the growth rate is given by

γ = lim
N→∞

1

N

N∑

k=1

log Fk = lim
N→∞

1

N

N∑

k=1

log

[

1 + x2
k φk + bαk−1xk−1

xk(b + αk−1xk−1)

]

, (34)

where this form is exact, provided that the αk are properly specified. This issue is addressed
below. To complete the proof, we must also show that the growth rate is independent of the
value of b, so that we can set b = 1 in the above formula. The derivative of the growth rate
with respect to the parameter b takes the form

dγ

db
= lim

N→∞
1

N

N∑

k=1

1

Fk

dFk

db
, (35)

which can be evaluated to take the form

dγ

db
= lim

N→∞
1

N

N∑

k=1

(αk−1xk−1)
2 − x2

k φk

(b + αk−1xk−1)[xk(b + αk−1xk−1) + x2
k φk + bαk−1xk−1] . (36)

This expression vanishes in the limit.
To show that the αk are given by (33), we start with the result of matrix multiplication

from (20) and use the definition of αk from (29); these two results imply that

αk+1 = x1

xk+1


T
(k+1)


B
(k+1)

= x1

xk+1


T
(k) + (xk+1/x1)φk+1
B

(k)


B
(k) + (x1/xk+1)
T

(k)
. (37)

We can then eliminate the factors of 
T and 
B by again using the definition of αk from
(29), and thus obtain

αk+1 = x1

xk+1

(xk/x1)αk + (xk+1/x1)φk+1

1 + (xk/xk+1)αk

= xkαk + xk+1φk+1

xk+1 + xkαk

. (38)

After re-labeling the indices, we obtain (33). �

4 Approximations for the Classically Unstable Regime

For classically unstable matrices with |hk| > 1, Theorem 1 provides an exact expression
for the growth rate. Since the formulae are complicated, this section presents simpler but



Hill’s Equation with Random Forcing Parameters: Determination 147

approximate expressions for the growth rates for the case where φk are small (Theorem 2)
and where the differences 1 − φk are small (Theorem 3). We also present two heuristic
approximations for the growth rates for the general problem.

Theorem 2 In the regime where the variables φk are small, φkxk � 1 ∀k, the growth rate
for the matrix Bk tends in the limit of large N to the form:

γ = log
(

1 + [〈1/xk〉〈xkφk〉
]1/2
)

+ O (〈xkφk〉) . (39)

Proof We first break up the matrix into two parts so that Bk = I + Ak , where I is the identity
matrix and where

Ak =
[

0 xkφk

1/xk 0

]

=
[

0 ηk

yk 0

]

. (40)

Note that the second equality defines ηk = xkφk and yk = 1/xk . We first show (by induction)
that repeated multiplications of the matrices Ak lead to products with simple forms. The
products of even numbers N = 2� of matrices Ak produce diagonal matrices of the form

A(N) = A(2�) =
N∏

k=1

Ak =
[

P A
� 0
0 P B

�

]

, (41)

where the products P� are defined by

P A
� =

�∏

i=1

(η2i ) (y2i−1) and P B
� =

�∏

i=1

(η2i−1) (y2i ) . (42)

Similarly, the product of odd numbers N = 2� + 1 of matrices Ak produce off-diagonal
matrices of the form

A(N) = A(2�+1) =
N∏

k=1

Ak =
[

0 QB
� η1

QA
� y1 0

]

, (43)

where the products Q� are defined analogously to the P�. The product of N matrices Bk can
then be written in the form

B(N) =
N∏

k=1

Bk =
[


11 
12η1


21y1 
22

]

. (44)

Without loss of generality, let N = 2� be even. Then the matrix elements are given by


11 =
N/2∑

�=0

CN
2�∑

j=1

(
P A

�

)
j
, 
22 =

N/2∑

�=0

CN
2�∑

j=1

(
P B

�

)
j
,

(45)


12 =
N/2−1∑

�=0

CN
2�+1∑

j=1

(
QB

�

)
j
, 
21 =

N/2−1∑

�=0

CN
2�+1∑

j=1

(
QA

�

)
j
,

where CN
� is the binomial coefficient and where the subscripts on the P� and Q� denote

different realizations of the products.
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The eigenvalue �N of the product matrix at the N th iteration is given by its characteristic
equation, which has the solution

�N = 1

2

{

11 + 
22 + [(
11 − 
22)

2 + 4
12
21η1y1
]1/2
}

. (46)

In the limit of large N , we can make the approximation that 
11 ≈ 
22 and 
12 ≈ 
21, so
that the expression for the eigenvalue takes the form

�N = 
11 + 
12
[
η1y1

]1/2 =
N/2∑

�=0

CN
2�∑

j=1

(
P A

�

)
j
+

N/2−1∑

�=0

CN
2�+1∑

j=1

(
QB

�

)
j

[
η1y1

]1/2
. (47)

In the limit of large N , all the binomial coefficients are large except for the first and last one.
We can thus rewrite the above equation in the form

�N =
N/2∑

�=0

CN
2�

(〈
P A

�

〉+ ε�

)+
N/2−1∑

�=0

CN
2�+1

(〈
QB

�

〉+ ε�

) [
η1y1

]1/2
. (48)

If the realizations of the products (P�)j were independent, the error terms ε� would vanish
in the limit. However, for a given N , the sums contain CN

2� terms, and CN
2� > N in general,

so all of the terms in the sum cannot be independent. We then write the products 〈P A
� 〉 and

〈QB
� 〉 in the form

〈
P A

�

〉+ ε� = 〈ηj 〉�〈yj 〉�(1 + ε�)
�, (49)

and similarly for 〈QB
� 〉. This form is exact if one uses the proper expressions for the ε�.

Using this result, the expression for the eigenvalue �N becomes

�N =
N/2∑

�=0

CN
2�〈ηj 〉�〈yj 〉�(1 + ε�)

� +
N/2−1∑

�=0

CN
2�+1〈ηj 〉�〈yj 〉�(1 + ε�)

�
[
η1y1

]1/2
, (50)

which takes the form

�N =
N∑

k=0

CN
k 〈ηj 〉k/2〈yj 〉k/2(1 + εk)

k/2. (51)

If we expand this result, we find that

�N = 1 + N〈ηj 〉1/2〈yj 〉1/2(1 + ε1)
1/2 + CN

2 〈ηj 〉〈yj 〉(1 + ε2) + · · · . (52)

Further, by performing an exact treatment of the first order expansion [2] we find that ε1 = 0.
This finding allows us to write the product in the form

�N = [1 + 〈ηj 〉1/2〈yj 〉1/2 + O(ηj )
]N

. (53)

The growth rate thus becomes

γ = log
[
1 + 〈ηj 〉1/2〈yj 〉1/2

]+ O(ηj ). (54)

This last expression is valid provided that ηj � 1 ∀j . �
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Fig. 1 Growth rates for small φk . The variables φk are determined through the relation φk = aφξk , where
ξk is uniformly distributed on [0,1]. The solid curve shows the growth rate γ calculated directly from matrix
multiplication as a function of the amplitude aφ . The dashed curve shows the estimate γ2 for the growth rate
from Theorem 2. The dotted curve shows the difference �γ = γ2 −γ . Note that γ ∝ √

aφ whereas �γ ∝ aφ

Note that to consistent order, we can replace the limiting form of (39) with the equivalent,
simpler function

γ → [〈1/xk〉〈ηk〉
]1/2

. (55)

Figure 1 illustrates how well the approximation of Theorem 2 works. For the sake of def-
initeness, the variables xk are log-uniformly distributed with log10 xk ∈ [−2,2]. The φk obey
the relation φk = aφξk , where ξk is a uniformly distributed random variable over the interval
[0,1]. As shown by the figure, the limiting form of (39) provides an excellent description of
the calculated growth rate for sufficiently small φk .

Next we consider the case where the correction factors φk are close to unity. In this case
the variables (1 − φk) � 1, and we can expand to leading order in (1 − φk). This procedure
leads to the following result:

Theorem 3 Let γ0 be the growth rate for the highly unstable regime where φk = 1. For
small perturbations about this limiting case, the growth rate takes the form γ = γ0 − δγ ,
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where

δγ = lim
N→∞

1

N

N∑

k=1

(1 − φk)x
2
k

(xk+1 + xk)(xk + xk−1)
+ O

(〈x2
k (1 − φk)

2〉) . (56)

Proof We again break up the matrix into two parts,

Bk = Ck − εk Z with Z ≡
[

0 1
0 0

]

, (57)

where here εk ≡ xk(1 − φk) and Ck is the matrix appropriate for the highly unstable regime.
Note that Z does not depend on the index k. Here we work to first order in the small para-
meter εk . After N cycles, the product matrix takes the form

B(N)
k =

N∏

k=1

Bk = C(N)
k −

N∑

k=1

εk P N
k + O(ε2

k ), (58)

where the partial product matrices P N
k are given by

P N
k =

⎧
⎨

⎩

N∏

j=k+1

Cj

⎫
⎬

⎭
Z

⎧
⎨

⎩

k−1∏

j=1

Cj

⎫
⎬

⎭
. (59)

We ignore the case where the Z factors appear on the ends—this effect is O(1/N) and
vanishes in the limit. The products of the Ck matrices can be written in the form

C(N)
k = 
N

T

[
1 x1

1/xN x1/xN

]

where 
N
T =

N∏

j=2

(

1 + xj

xj−1

)

, (60)

where these results follow from previous work [1]. As a result, the matrices P N
k can be

evaluated:

P N
k = xk


N
T

(xk + xk+1)(xk−1 + xk)

[
1 x1

1/xN x1/xN

]

= xk

(xk + xk+1)(xk−1 + xk)
C(N)

k . (61)

The product matrix B(N)
k , given by (58) to leading order, can now be written in the form

BN
k = CN

k

[

1 −
N∑

k=1

(1 − φk)x
2
k

(xk + xk+1)(xk−1 + xk)

]

. (62)

The first factor is the product of the matrices for the highly unstable regime. Since the second
factor is a function (not a matrix) its contribution to the growth rate is independent of the
first factor and represents a correction to the growth rate of the form

δγ = lim
N→∞

1

N

N∑

k=1

(1 − φk)x
2
k

(xk + xk+1)(xk−1 + xk)
+ O(ε2

k ), (63)

where the equalities hold to leading order. This correction to the growth rate has the form
given by (56). �
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Fig. 2 Growth rates for φk near unity. The variables φk are determined through the relation φk = 1 − Aφξk ,
where ξk is uniformly distributed on [0,1]. The solid curve shows the quantity δγ = γ0 − γ , where γ is the
growth rate calculated from matrix multiplication and γ0 is the growth rate for the highly unstable regime
(φk = 1∀k). The dashed curve shows the estimate (δγ )3 = (γ0 − γ )3 for the difference in growth rate cal-
culated from Theorem 3. The dotted curve shows the error � = (δγ )3 − δγ . Note that δγ ∝ Aφ whereas the

error term � ∝ (Aφ)2

Figure 2 shows the growth rate for small departures from the highly unstable regime.
The correction factors are taken to have the form φk = 1 − Aφξk , where ξk is a uniformly
distributed random variable over the interval [0,1]. The highly unstable regime corresponds
to Aφ → 0. The figure shows the growth rate calculated from direct matrix multiplication
(solid curve) and the approximation from Theorem 3 (dashed curve) plotted as a function of
the amplitude Aφ . Both curves plot the difference γ0 −γ , where γ0 is the growth rate for the
highly unstable regime (where the φk = 1).

Since the general case is quite complicated it is useful to have a good working approxi-
mation for the case where one is not in one of the two regimes φk small or near unity. Toward
this end, we first show that the values of αk have a limited range:

Result 5 The variables αk are confined to the range φmin ≤ αk ≤ 1, where φmin is the mini-
mum value of φk .
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Proof We can rewrite the iteration formula (33) for αk in the alternate form

αk = φk + βk

1 + βk

, (64)

where we have defined the composite random variable βk ≡ αk−1xk−1/xk . In the present
context, 0 ≤ βk < ∞, and we can show that

dαk

dβk

> 0 (65)

for all values of βk . In the limit βk → ∞, αk → 1, whereas in the limit βk → 0, αk → φ.
Hence φ ≤ αk ≤ 1 for all cycles. But φ ≥ φmin, by definition, so that φmin ≤ αk ≤ 1. �

Approximation 1 As a first heuristic approximation, we replace the full iteration expression
of (33) for αk with the following simplified form

αk+1 = xφ + xk

x + xk

, (66)

i.e., we use αk = 1 as an approximation for the previous value [keep in mind that x is the
value at the (k + 1)th cycle]. Using (66) to evaluate αk in the iteration formula for Fk , we
obtain a working approximation for the growth rate. Notice that αk appears in the itera-
tion formula for Fk , so that we must use (66) evaluated at k rather than k + 1. As a result,
the iteration factor Fk involves the random variables xk from three cycles, or, equivalently
(since the xk are i.i.d.) three separate samplings of the variables. We change notation so
that xj1, xj2, xj3 denote the three independent samplings of the random variables xk . Simi-
larly, let φj1, φj2 denote two independent samplings of the φk . The iteration formula for this
approximation can then be written in the form

Fj = 1 + x2
j1φj1(xj2 + xj3) + xj2(xj2φj2 + xj3)

xj1[(xj2 + xj3) + xj2(xj2φj2 + xj3)] . (67)

The growth rate for matrix multiplication can then be approximated by

γ = lim
N→∞

1

N

N∑

j=1

log Fj , (68)

where Fj is given by (67). As a consistency check, for the restricted problem where the
φjn = 1, the iteration factor Fj reduces to that appropriate for the highly unstable regime
(see (26)).

Approximation 2 To derive a second approximation for the growth rate, we need a bet-
ter approximation for the αk . If the values of xk and φk were constant, then the αk would
approach a constant value given by

αk = 1

2

{
(1 − xk/xk−1) + [(1 − xk/xk−1)

2 + 4(xk/xk−1)φk

]1/2
}

. (69)

Even though the xk and φk are not constant, and the αk vary, we can use (69) as an approxi-
mation to specify the values of αk appearing in the exact formula of (32) for the growth rate.



Hill’s Equation with Random Forcing Parameters: Determination 153

Fig. 3 Validity of approximations of (68) and (70) as a function of the deviation of φk from unity. The
upper solid line shows the growth rate for matrix multiplication in the highly unstable regime where φk = 1.
The lower solid curve shows the growth rate for the case where φk = 1 − Aφξk , where ξk is a uniformly
distributed random variable 0 ≤ ξk ≤ 1. The dotted curve shows the estimate for growth rate calculated from
(68) using the same sampling of the φk variables; similarly, the dot-dashed curve shows the approximation
of (70). Notice that both of these approximations are almost identical to the actual result. The dashed curve
shows the lower limit to the growth rate derived in [1]

After using this form to specify the αk , and relabeling the indices, the iteration factor takes
the form

Fk = 1 + x2
k1φk12xk3 + xk2{(xk3 − xk2) + [(xk3 − xk2)

2 + 4xk2xk3φk2]1/2}
xk1(2xk3 + xk2{(xk3 − xk2) + [(xk3 − xk2)2 + 4xk2xk3φk2]1/2}) . (70)

In the case φjn = 1, the iteration factor of (70) reduces to the expression for the highly
unstable regime (Result 4).

Figure 3 shows how well these two approximation schemes work. The φk variables are
chosen from the expression φk = 1−Aφξk , where ξk is a random variable uniformly sampled
from the interval 0 ≤ ξk ≤ 1 and where Aφ sets the amplitude of the departures of the φk

from unity. The growth rate is shown as a function of the amplitude.
In [1], we derived a bound on the difference between the growth rate for the general case

γ (considered here) and the growth rate in the highly unstable regime γ0, i.e.,

γ0 − γ ≤ 1

2
〈logφk〉. (71)
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This bound is shown as the dashed curve in Fig. 3. The true growth rates fall comfortably
between this lower bound and the growth rate for the highly unstable regime (where the
latter provides an upper bound).

Thus far, this paper has focused on the regime where the transformation matrices are
classically unstable. Before considering classically stable matrix multiplication in the next
section, we note the following result that applies at the transition between the two regimes:

Result 6 Consider the matrix transformation that maps the principal solutions from one
cycle to the next. When the matrix elements gk = ẏ1(π) vanish, then the remaining matrix
elements are hk = y1(π) = ±1. The transformation matrix Mg0 for this case is stable under
multiplication.

(The proof is a simple explicit computation.)

5 Elliptical Rotations and the Classically Stable Regime

When the principal solutions hk appearing in the discrete map of (2) are less than unity,
matrix multiplication is stable for the case of constant parameters. In the case of interest,
however, the parameters in Hill’s equation (1) and the matrices (2) vary from cycle to cycle.
This section considers the case where the |hk| ≤ 1, but vary from cycle to cycle, and show
that instability results. In this regime, the discrete map takes the form of an elliptical rotation
matrix [11] as described below. We thus find the growth rates for elliptical rotation matrices
for the case where the matrix elements vary from cycle to cycle.

Definition An elliptical rotation matrix is defined to be

E (θ;L) ≡
[

cos θ −L sin θ

(1/L) sin θ cos θ

]

. (72)

These matrices have the following properties:
The product of elliptical rotation matrices with the same value of L produces another ellip-
tical rotation matrix, also with the same L,

E (θ1;L)E (θ2;L) = E ([θ1 + θ2];L) . (73)

As a result, the elliptical rotation matrices form a group.
For fixed L, matrix multiplication is stable. Specifically, the eigenvalues of the product of
N matrices (with fixed L) have the form

λ = exp

⎡

⎣±i

N∑

j=1

θj

⎤

⎦= exp [±iθN ] , (74)

where θN is the angle corresponding to the group element produced after N matrix multi-
plications.

Result 7 When an individual cycle of Hill’s equation is stable, specifically when |hk| ≤ 1,
the full transformation matrix Mk takes the form of an elliptical rotation.
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Proof Since |hk| ≤ 1, we can define an angle θk such that hk = cos θk . The full matrix Mk

given by (7) then takes the form

Mk =
[

cos θk −(sin2 θk)/gk

gk cos θk

]

=
[

cos θk −Lk sin θk

(1/Lk) sin θk cos θk

]

= Ek(θk;Lk), (75)

where we have defined Lk = (sin θk)/gk . As before, we can factor out the cos θk = hk and
write the matrix in the form

Mk = cos θk

[
1 xkφk

1/xk 1

]

= cos θk Bk, (76)

where

xk = Lk/ tan θk and φk = − tan2 θk. (77)

Equation (77) thus specifies the transformation between the random variables (xk,φk) ap-
pearing in the original transformation matrix and the random variables (θk,Lk) in the cor-
responding elliptical rotation matrix. Note that the values of φk are strictly negative in this
formulation. Otherwise, the matrix Bk has the same form as in (7). �

If we let γB be the growth rate for matrix Bk , then the growth rate γM for the full matrix
Mk takes the form

γM = γB + lim
N→∞

1

N

N∑

k=1

log[cos θk]. (78)

The exact growth rate for the matrix Bk (see (76)) is given by Theorem 1. In particular, (32)
and (33) remain valid for negative values of the φk and can be used to calculate the growth
rate.

Result 8 For an elliptical rotation matrix with constant angle θ and random Lk , the growth
rate for matrix multiplication vanishes in the two limits h = cos θ → 0 and h = cos θ → 1.

Proof In the limit h → 1 we have sin θ = 0, and the elliptical rotation matrix becomes the
identity matrix. As a result, the growth rate vanishes.
In the other case where h → 0, sin θ = 1, and the matrix takes the form

Ek → E0k =
[

0 −Lk

1/Lk 0

]

. (79)

In this case, for even numbers of matrix multiplications, say N = 2n, the product matrix
takes the form

E (N)

0k =
N∏

k=1

E0k = (−1)n

[
P A

n 0
0 P B

n

]

, (80)

where the matrix elements are given by the products

P A
n =

n∏

k=1

L2k

L2k−1
and P B

n =
n∏

k=1

L2k−1

L2k

. (81)
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The eigenvalues of the product matrix are given by λ = P A
n and λ = P B

n . For odd N =
2n + 1, the eigenvalue |λ| = (P A

n P B
n )1/2. In either case, in the limit of large N , the growth

rate for matrix multiplication takes the form

γ = lim
N→∞

1

N

N∑

k=1

log

[
L2k

L2k−1

]

= 〈logL2k〉 − 〈logL2k−1〉 = 0. (82)

The final equality holds because the Lk are independent. �

Elliptical rotation matrices are unstable under multiplication when their parameters vary
from cycle to cycle:

Theorem 4 Consider an elliptical rotation matrix with variable angle θk and symmetric
fluctuations of the Lk parameter about its mean value L0. The variations are thus written in
the form Lk = L0(1 + ηk), where the odd moments 〈η2n+1

k 〉 = 0 for all integers n. For small
fluctuations |ηk| < 1, the growth γ rate for matrix multiplication takes the form

γ = 1

2
lim

N→∞
1

N

N∑

k=1

log

[

cos2 θk + sin2 θk

〈
1

1 + ηj

〉]

+ O
(
η4

k

)
. (83)

Proof We first break up the matrix into two parts so that

Ek = I cos θk + sin θk Zk, (84)

where I is the identity matrix and where

Zk =
[

0 −Lk

1/Lk 0

]

. (85)

The product of N matrices Ek becomes

E (N) =
N∏

k=1

Ek =
N∑

�=0

CN
�∑

k=1

(
N−�∏

i=1

cos θi

)

k

⎛

⎝
�∏

j=1

Zj sin θj

⎞

⎠

k

, (86)

where the subscripts on the products denote different realizations. The products of even
numbers � = 2n of matrices Zk produce diagonal matrices of the form

Z (�) = Z (2n) =
n∏

k=1

Z2k Z2k−1 = (−1)n

[
P A

n 0
0 P B

n

]

, (87)

where the matrix elements P A
n and P B

n are given by (81). Similarly, the product of odd
numbers � = 2n + 1 of matrices Zk produce off-diagonal matrices of the form

Z (�) = Z (2n+1) =
{

n∏

k=1

Z2k+1 Z2k

}

Z1 = (−1)n

[
0 −P A

n L1

P B
n /L1 0

]

, (88)
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where the Pn are defined previously. Next we write the expectation values of these products
in the form

〈Pn〉 =
〈

n∏

j=1

L2j

L2j−1

〉

=
〈

n∏

j=1

1 + η2j

1 + η2j−1

〉

=
〈

1

1 + ηj

〉n
≡ Rn. (89)

This expression holds because the odd powers of the ηj vanish in the mean, and the samples
of the different η’s are independent.

The eigenvalue �N of the product matrix at the N th iteration can be written in terms of
its matrix elements, i.e.,

�N = σ11 + σ22. (90)

Without loss of generality, let N = 2K be even. The matrix elements σ11 = σ22 = σ are
given by

σ =
K∑

m=0

C2K
2m∑

k=1

(
2K−2m∏

i=1

cos θi

)

k

(
2m∏

i=1

sin θi

)

k

(−1)mRm, (91)

where C2K
2m is the binomial coefficient and where we have used (89). This expression for σ

contains the even terms of a binomial expansion. We can thus write the eigenvalue in the
form

�N =
N∏

k=1

[
cos θk + i sin θk R1/2

]
k
+

N∏

k=1

[
cos θk − i sin θk R1/2

]
k
. (92)

Next we define

Ak ≡ [cos2 θk + sin2 θk R
]1/2

and tanαk ≡ R−1/2 tan θk. (93)

The eigenvalue takes the form

�N = 2

(
N∏

k=1

Ak

)

cos

(
N∑

k=1

αk

)

, (94)

and the corresponding growth rate becomes

γ = 1

2
lim

N→∞
1

N

N∑

k=1

log
[
cos2 θk + sin2 θk R

]
. (95)

Using the definition of R, we obtain the result of Theorem 4. The order of the error term
follows by comparing (95) with the leading order expansion [2]. �

In the regime of small ηk � 1, the expression for the growth rate reduces to the form

γ = 1

2

〈
sin2 θk

〉 〈
η2

k

〉
. (96)

This section shows that instability does not require a finite threshold for the amplitude
of the fluctuations in Lk . Nonzero amplitude leads to instability with growth rate γ ∝ 〈η2

k〉.
Variations in the original parameters (λk, qk) of Hill’s equation lead to fluctuations in the
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principal solutions (hk, gk); fluctuations in the (hk, gk) lead to variations in the Lk and hence
growth. As a result, Hill’s equation with random forcing terms is generically unstable. One
notable exception occurs when the hk = 0 or hk = 1 (Result 8).

6 Conclusion

This paper provides expressions for the growth rates for the random 2×2 matrices that result
from solutions to the random Hill’s equation (1). Theorem 1 gives an exact expression for
the growth rate. Theorems 2 and 3 provide approximate growth rates for the regimes where
the variables φk are small, and close to unity, respectively. Additional approximations for
are given in Sect. 4. When Hill’s equation is classically stable, the discrete map that governs
the solutions has the form of an elliptical rotation matrix (72). With fixed elements, such
matrices are stable under multiplication; variations in the Lk parameter lead to instability.
For small symmetric fluctuations of the length parameter Lk , the growth rate is given by
Theorem 4.

Acknowledgements We would like to thank Scott Watson and Michael Weinstein for useful conversations
and suggestions. The work of FCA and AMB is jointly supported by NSF Grant DMS-0806756 from the
Division of Applied Mathematics, and by the University of Michigan through the Michigan Center for Theo-
retical Physics. AMB is also supported by the NSF through grants DMS-0604307 and DMS-0907949. FCA
is also supported by NASA through the Origins of Solar Systems Program via grant NNX07AP17G.

References

1. Adams, F.C., Bloch, A.M.: Hill’s equation with random forcing terms. SIAM J. Appl. Math. 68, 947–980
(2008)

2. Adams, F.C., Bloch, A.M.: Hill’s equation with random forcing parameters: The limit of delta function
barriers. J. Math. Phys. 50, 073501 (2009)

3. Adams, F.C., Bloch, A.M., Butler, S.C., Druce, J.M., Ketchum, J.A.: Orbits and instabilities in a triaxial
cusp potential. Astrophys. J. 670, 1027–1047 (2007)

4. Cambronero, S., Rider, B., Ramírez, J.: On the shape of the ground state eigenvalue density of a random
Hill’s equation. Commun. Pure Appl. Math. 59, 935–976 (2006)

5. Carmona, R., Lacroix, J.: Spectral Theory of Random Schroedinger Operators. Birkhauser, Boston
(1990)

6. Cohen, J.E., Newman, C.M.: The stability of large random matrices and their products. Ann. Probab. 12,
283–310 (1984)

7. Furstenberg, H.: Noncommuting random products. Trans. Am. Math. Soc. 108, 377–428 (1963)
8. Furstenberg, H., Kesten, H.: Products of random matrices. Ann. Math. Stat. 31, 457–469 (1960)
9. Hill, G.W.: On the part of the motion of the lunar perigee which is a function of the mean motions of the

Sun and Moon. Acta. Math. 8, 1–36 (1886)
10. Lifshitz, I., Gredeskul, S., Pastur, L.: Introduction in the Theory of Disordered Systems. Wiley, New

York (1988)
11. Lima, R., Rahibe, M.: Exact Lyapunov exponent for infinite products of random matrices. J. Phys. A,

Math. Gen 27, 3427–3437 (1994)
12. Magnus, W., Winkler, S.: Hill’s Equation. Wiley, New York (1966)
13. Oseledec, V.I.: A multiplicative ergodic theorem, Lyapunov characteristic numbers for dynamical sys-

tems. Trans. Mosc. Math. Soc. 19, 197–231 (1968)
14. Pastur, L., Figotin, A.: Spectra of Random and Almost-Periodic Operators. Series of Comprehensive

Studies in Mathematics. Springer, Berlin (1991)
15. Pincus, S.: Strong laws of large numbers for products of random matrices. Trans. Am. Math. Soc. 287,

65–89 (1985)


	Hill's Equation with Random Forcing Parameters: Determination of Growth Rates Through Random Matrices
	Abstract
	Introduction
	Astrophysical Background
	Matrix Multiplication for the Classically Unstable Regime
	Approximations for the Classically Unstable Regime
	Elliptical Rotations and the Classically Stable Regime
	Conclusion
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


